First-principles calculations are performed to investigate the topological properties of TiTe 2 under hydrostatic pressure, uniaxial strain, and biaxial strain. It is found that the system is unusually accessible to strain effects and the first compound that under hydrostatic pressure (up to experimentally reasonable 30 GPa) is subject to a series of four topological phase transitions, which are related to band inversions at different points of the Brillouin zone. Therefore, TiTe 2 enables experimental access to all these transitions in a single compound. As a new kind of quantum matter, topological insulators (TIs) have been intensively studied during the last decade. [1] [2] [3] [4] They are characterized by a band gap in the bulk and an odd number of gapless edge/surface states. The surface states originate from spin-orbit coupling and are topologically protected by time-reversal symmetry, which makes TIs promising materials for spintronics and quantum computation applications. Many three-dimensional (3D) TIs have been theoretically predicted and experimentally confirmed. [5] [6] [7] [8] [9] [10] [11] [12] [13] However, the search for TIs that are more suitable for experimental investigations and applications is still a key issue. In this context, strain engineering has proven to be a fruitful path, as HgTe had been predicted to be a strong TI under strain.
First-principles calculations are performed to investigate the topological properties of TiTe 2 under hydrostatic pressure, uniaxial strain, and biaxial strain. It is found that the system is unusually accessible to strain effects and the first compound that under hydrostatic pressure (up to experimentally reasonable 30 GPa) is subject to a series of four topological phase transitions, which are related to band inversions at different points of the Brillouin zone. Therefore, TiTe 2 enables experimental access to all these transitions in a single compound. As a new kind of quantum matter, topological insulators (TIs) have been intensively studied during the last decade. [1] [2] [3] [4] They are characterized by a band gap in the bulk and an odd number of gapless edge/surface states. The surface states originate from spin-orbit coupling and are topologically protected by time-reversal symmetry, which makes TIs promising materials for spintronics and quantum computation applications. Many three-dimensional (3D) TIs have been theoretically predicted and experimentally confirmed. [5] [6] [7] [8] [9] [10] [11] [12] [13] However, the search for TIs that are more suitable for experimental investigations and applications is still a key issue. In this context, strain engineering has proven to be a fruitful path, as HgTe had been predicted to be a strong TI under strain. 2 Various attempts subsequently have been directed to the investigation of straininduced topological phase transitions. [14] [15] [16] [17] [18] [19] [20] [21] [22] Specifically, the properties at the transition point between the topological and trivial phases, such as sharp Raman anomalies 23 and Weyl semimetallic phases with broken symmetry, 24, 25 have attracted attention, because the phase transitions are essential for understanding the underlying physics.
Based on density functional theory, several methods have been introduced for discovering 3D TIs, 8 particularly the investigation of the surface electronic structure, the adiabatic continuity band transformation, the band inversion picture, and the direct calculation of the Z 2 topological invariants. The latter have been introduced by Kane and Mele to characterize time-reversal symmetry protected systems. 1 Values of Z 2 = 0 and 1 represent topologically trivial and nontrivial phases, respectively. In a 3D system, the four Z 2 topological invariants (ν 0 ; ν 1 ν 2 ν 3 ) are used for classification. A nonzero ν 0 indicates that the system is a strong TI, whereas when ν 0 = 0 the system has to be further classified according to ν 1 , ν 2 , and ν 3 . Systems with ν 1/2/3 = 0 are called weak TIs, while (0;000) is a normal insulator. A strong TI cannot be directly connected to a weak TI or a normal insulator by any adiabatically continuous transformation of the band structure.
TiTe 2 is isostructural to the compound 1T-TiSe 2 , which has been investigated for decades because of its charge density wave. 26, 27 Under pressure 1T-TiSe 2 transforms from a charge density wave into a superconducting phase at low temperature, 28 indicating that further interesting effects can be expected in titanium chalcogenides under strain. In the present paper we therefore study by density functional theory the topological properties of TiTe 2 , which turn out to be surprisingly rich. In particular, we show that hydrostatic pressure drives a series of transitions between topological and trivial phases related to band inversions at different points of the Brillouin zone, enabling experiment to access them all in a single compound at reasonable pressure.
The calculations are carried out using the QUANTUM ESPRESSO code 29 with norm-conserving pseudopotentials and the generalized gradient approximation in the Perdew-BurkeErnzerhof scheme. A kinetic energy cutoff of 680 eV is employed for the wave functions together with a 12 × 12 × 10 k mesh. Bulk TiTe 2 has a layered hexagonal structure with space group P 3m1 (No. 164). There are three atoms in the unit cell, with the Ti and Te atoms located at 1a (0, 0, 0) and 2d (1/3, 2/3,z) Wyckoff sites, respectively. The unit cell and Brillouin zone of TiTe 2 are shown in Fig. 1 . Despite the strong ionic-covalent bonding within each triple-layer slab, adjacent slabs are weakly coupled by van der Waals forces. We study hydrostatic pressure as well as uniaxial and biaxial strain, which does not alter the symmetry of the system. The uniaxial strain is applied along the [001] direction and the biaxial strain within the xy plane. The magnitude of the uniaxial strain is defined as [ To characterize topological insulators parity analyses are widely adopted and work well for centrosymmetric systems, as only knowledge about the Bloch functions at the time-reversal invariant momenta (TRIM) of the Brillouin zone is required. In a 3D system there are eight TRIM:
, where b 1/2/3 are the primitive reciprocal lattice vectors with n 1/2/3 = 0 or 1. The topological invariant then is given by the product of the parity eigenvalues at the eight TRIM. Recently, two other approaches have been proposed for calculating the Z 2 invariants, which work in both centrosymmetric and noncentrosymmetric systems. One is the Berry connection and Berry curvature integration over half of the Brillouin zone 30 and the other is the evolution of the Wannier function centers (WFCs) during a time-reversal pumping process. 31, 32 Here, we employ the second method to confirm the results of the parity analysis. The required calculation steps are briefly introduced as follows. First, one has to calculate the overlap matrix
where |n,k 1 ,k 2 represents the nth occupied band and 
is obtained, with the complex eigenvalues
The WFC, represented by θ , will evolve with k 2 during a time-reversal pumping process. The topological invariant is then calculated by the number of crossings of any horizontal (θ = constant) reference line with the evolution curves of the WFC, modulo 2. In a 3D system it is necessary to calculate two invariants, z 0 and z π , in different planes, k 3 = 0 and k 3 = π , to obtain ν 0 ≡ (z 0 − z π ) mod 2. As an example, the system is topologically nontrivial when the evolution curves of the WFC cross an arbitrary reference line an odd number of times in the k 3 = 0 plane (z 0 = 1) and an even number of times in the k 3 = π plane (z π = 0) or vice versa. On the other hand, when the evolution curves cross the reference line an even (z 0 = z π = 0) or odd (z 0 = z π = 1) number of times in both the k 3 = 0 and k 3 = π planes the system is topologically trivial.
We have performed a structure relaxation using the experimental lattice constants as input parameters and neglecting the spin-orbit coupling. The converged lattice constants a 0 and c 0 are 3.81Å and 6.92Å, and thus close to the experimental values (a 0 = 3.78Å, c 0 = 6.50Å). 33, 34 Thez value of the relaxed structure, which characterizes the relative atomic position, is 0.253. The electronic band structure without strain, as shown in Fig. 2(a) , indicates that bulk TiTe 2 is a semimetal, which agrees with previous calculations. 33 The valence band maximum is located at the point, while the conduction band minimum is located at the L point. Due to the inversion symmetry of TiTe 2 , we can apply the parity analysis. The eight TRIM are 1 , 3M, 1A, and 3L, as illustrated in Fig. 1(b) . By checking the parities of the valence states at the eight TRIM, we find that the topological invariants of TiTe 2 without strain are (0;000), which means that we have a trivial semimetal. a band inversion at the L point, which is shown for 8 GPa in Fig. 2(c) . The band structure under 15 GPa pressure is depicted in Fig. 2(d) . As compared to Fig. 2(c) , a band inversion occurs at the point, while the band order around the Fermi energy at the other TRIM is not changed. Since the symmetry of the system is not affected by the hydrostatic pressure, we still can apply the parity analysis. It is found that the topological invariants under 3, 8, and 15 GPa hydrostatic pressure are (1;001), (0;000), and (1;001), respectively. Based on these results, the system undergoes a series of topological phase transitions under hydrostatic pressure.
For increasing pressure from 0 to 30 GPa, band inversions occur consecutively at the A, L, , and A points. Figure 3 illustrates the variation of the energy differences E = E(
) with the lattice parameter. The +/− sign represents even/odd parity. Interpolating the data, we can predict that the phase transitions occur at the critical points a = 3.78Å, 3.72Å, 3.60Å, and 3.45Å, where E , E A , or E L cross zero. The regions in which the system is in topological and trivial phases are indicated by dark and light backgrounds. The results suggest that the topological property changes several times as a function of the lattice parameter.
Band structures for uniaxial compressive (−5%), uniaxial tensile (+5%), biaxial compressive (−2%), and biaxial tensile (+2%) strain are depicted in Figs. 4(a)-4(d) . We notice that the band structure under uniaxial compressive strain is similar to that under biaxial tensile strain, see Figs. 4(a) and 4(d) , which can be attributed to the fact that both kinds of strain lead to the same deformation of the unit cell: a shrinkage along the [001] direction and an expansion within the xy plane. A similarity is also observed between the band structures for uniaxial tensile and biaxial compressive strain, see Figs. 4(b) and 4(c). In Fig. 4(a) we find no band inversion at the eight TRIM as compared to the case without strain, although the band order changes at the M point. In contrast, in Fig. 4 By applying the parity analysis, the topological invariants are computed to be (1;001) for −5% uniaxial and +2% biaxial strain and (0;000) for +5% uniaxial and −2% biaxial strain.
Although TiTe 2 is a semimetal it is still of interest to compute the evolution of the WFC based on valence bands 32 and to compare with the parity eigenvalue method. We have to calculate the WFC in two of the six Brillouin zone planes to obtain the topological invariant of the system. Without strain the evolution along the k 2 direction in the k 3 = 0 and k 3 = π planes is illustrated in Figs. 5(a) and 5(b) . By the dashed reference line, we find that both evolution curves cross For 3 GPa pressure the Kramers pairs switch partners at the end of the time-reversal pumping process. Because the evolution curves cross the reference line one (odd) time and the topological invariant ν 0 amounts to 1, the system is in a topological phase. In contrast, for 8 GPa pressure the Kramers pairs do not switch partners, leading to a trivial phase. We further calculate the evolution of the WFC for 15 GPa pressure, obtaining z 0 = 1 and z π = 0. The Kramers pairs switch partners in the k 3 = 0 plane due to the fact that band inversion occurs at the point and not at the A and L points between 8 to 15 GPa. All these results are in agreement with the parity analysis.
Under uniaxial and biaxial strain, band inversions occur at the A and L points. The topological invariant in the k 3 = 0 plane is calculated to be z 0 = 0 for both ±5% uniaxial strain and ±2% biaxial strain. The evolution of the WFC in the k 3 = π plane is shown in Figs. 6(a)-6(d) . For uniaxial compressive and biaxial tensile strain the Kramers pairs switch partners, see Figs. 6(a) and 6(d), which reflects a topological phase, while for uniaxial tensile and biaxial compressive strain, see Figs. 6(b) and 6(c), the Kramers pairs do not switch partners and we have a trivial phase. These results also agree with the parity analysis. In conclusion, we have studied the band structures and topological invariants of TiTe 2 under different types of strain, employing density functional theory within the generalized gradient approximation. The topological invariants are calculated by parity analysis, which is possible because of the inversion symmetry of the compound, and then confirmed by the evolution of the WFC. For comparison, we have repeated the calculations using the local density approximation, for which smaller lattice parameters are obtained. Since the topological property is very sensitive to the lattice parameter according to our results for the generalized gradient approximation, the employed approximation thus can be critical. However, we have confirmed that our conclusions concerning straininduced topological phase transitions remain valid. Our results demonstrate that TiTe 2 undergoes topological phase transitions for increasing uniaxial and biaxial strain and, importantly, a full series of transitions under hydrostatic pressure. A similarly strong dependence of the electronic structure on strain for other compounds is a topic for future research. In contrast to spin-orbit coupling, which is an intrinsic property of a material, strain is externally applied and thus can be controlled to tune the band inversion. This enables insight into the physics of topological phase transitions by Raman spectroscopy. 23 By its rich topological phase diagram under hydrostatic pressure, TiTe 2 therefore is an ideal candidate for experimental studies.
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